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If cy = {a, , oil ,..., 4 and B = {PO, p1 ,..., ,Q are two non-decreasing sets of 
integerjsuchthator,=O<~~,~,<~,=n,and~i<i<~jfor1gi~n-l, 
let L denote the set of lattice points (p, q) such that 0 Q p Q n and oil, < q < & . 
We determine all such regions L with the property that the number of lattice paths 
from (0,O) to (p,p) in L is the Catalan number (p + 2)-1(8;$) for 0 < p < n. 
Suppose 01 = {a,, , czl ,..., a,} and /3 = (& , ,6, ,..., /In} are two non- 
decreasing sequences of integers such that /$, > cyO = 0, a, < Pn = n, and 
oli < i < pi for 1 < i < 12 - 1; we assume n > 1. Let L = L(a, p) denote 
the region determined by the lattice points (p, q) such that 0 <p < 12 and 
EI, G 4 G B, 3 and let LZ’ denote the collection of all such regions for n = 
1, 2,... . With each lattice point (p, q) in a region L we associate the number 
N(p, q) of lattice paths from (0, 0) to (p, q) in L, where each step in such a 
path consists of moving from a point (r, s) to one of the points (Y + 1, s) or 
(r, s + 1). 
Let S, denote the region determined by the sequences a: = (0, O,..., 0} and 
p = (1, 2,..., n, n} for n = 1, 2 ,... . The region S, and the corresponding 
numbers N(p, q) are given in Figure 1. 
The Catalan numbers 
~.-+(zpp~~j:p=o,1,... / -{1,2,5,14 )... } 
arise in many combinatorial problems (see, e.g., [l, 3, 4, 51). A well-known 
result (see [2, p. 71 J) implies that 
NP, P) = $T i2; : 3 
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FIGURE 1. 
for 0 <p < n for the region S, , for n = 1, 2,... . We shall say that a region 
L in 8 has the Catalan property if equation (I) holds for all diagonal points 
in L. The question arises whether there are regions that have the Catalan 
property other than the regions S, and their reflections in the line y = x. Two 
such regions, which we denote by K4 and K, , and the corresponding numbers 
N(p, q), are given in Figure 2. Our object here is to prove the following result. 
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THEOREM. The only regions in 2 that have the Catalan property are 
& 7 sz ,**., K4 , KS , and the reflections of these regions in the line y = x. 
Proof. We first observe that the number N(p, q) of lattice paths from 
(0, 0) to (p, q) in the region S, is given by the formula 
N(p +P--4+2 p+(l+l , 
Pf2 i 4 1 
(2) 
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for 0 <p ,( n and 0 < 4 < max{p + 1, n}. This follows by induction from 
the obvious recurrence relation 
N(P, s) = N(P - 194) + N(P, 4 - 1) 
where N(r, s) is understood to be zero whenever the point (Y, s) is not in 
S, . (We remark that it is not difficult to see that the problem of determining 
N(p, 4) for the region S,, is equivalent to the well-known “Ballot Problem” 
described in [2, p. 701 and solved there by an argument based on the reflection 
principle.) 
Let L+, denote any region in P with the Catalan property that contains 
the diagonal point (n + 1, n + 1) but not the point (n + 2, iz + 2). If all 
points of the type (n + 1, q) and (p, y1 + 1) are removed from L,+l , then 
the resulting region L, clearly has the Catalan property also. We say that the 
region L,+l is an extension of L, . For example, the region S,,, is an exten- 
sion of S, for n = 1, 2,..., and the regions K, and KS are extensions of S, and 
S, . We now suppose that the region L,+l is an extension of S,; we shall 
show this implies that L,+l must be S,,, , KS, K4, or the region obtained by 
reflecting S, in the line y = x. 
If CX,+~ = s for L,+l then L,,, consists of the points of S,, plus the points 
(n + 1, s), (n + 1, s + 1) ,..., (n + 1, n + 1) as well as the point (n, n + 1) 
and, perhaps, the point (n - I,12 + 1). (The regions K4 and KS are examples 
of extensions containing the point (n - 1, n + 1) for which s equals 2 
and 5, respectively.) If we iterate the recurrence relation for N(p, y) we 
find that 
N(n + 1, n + 1) = N(n, n + 1) + N(rz + 1, n) 
= N(n, n) + N(n, n) + N(n + 1, n - 1) = ... 
= N(n, n) + N(n, n) + N(n, n - 1) + ... 
+ N(n,s)+N(n+ l,s-- 1). (3) 
Let M(p, q) denote the number of lattice paths from (0, 0) to (p, q) in 
L n+l ; then M(p, q) = N(p, q) for those points (p, q) that are in S, . If we 
bear in mind the relation between L,+l and S, (the reader may find it helpful 
to make a sketch), we find that 
M(n + 1, n + 1) = M(n, n + 1) + M(n + 1, n) 
= M(n, n + 1) + N(n, n) + M(n + 1, 1z - 1) = ..a (4) 
= M(n, n + 1) + N(n, n) + N(n, n - 1) + *.. i N(n, s). 
If the point (n - 1, n + 1) is not in L,+l then M(n, n + 1) = M(n, n) = 
N(n, n); thus if 
M(n + 1, n + 1) = N(n + 1, n + 1) = --& (‘; 1 ;), (5) 
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then in this case (3) and (4) imply that N(n + 1, s - 1) = 0. That is, s = 0 
and Lfl = &+l , by definition. Furthermore, ifs = 0, then (3), (4), and (5) 
imply that M(n, IE + 1) = N(n, n). If this is the case then the point (n- 1, it + 1) 
cannot be in L,+l so we again conclude that L,,, = S,,, . 
We may assume, therefore, that 1 < s < it and that (n - 1, n + 1) is in 
L n+1- Conequently, 
M(n, n + 1) = M(n - 1, It + 1) + M(n, n) 
= N(n - 1, n) + N(n, n) 
= N(n - 1, n - 1) + N(?z, n). 
This relation and equations (3), (4) and (5) imply that 
N(n - 1, n - 1) = N(n + 1) S - l), 
or that 
1 2n 
n+1 n = ( ) 
n--s+4 12+s+1 
n+3 ( 1 S-l ’ 
by equation (2). If we let s = IZ - k, where 0 < k < 12 - 1, then this equa- 
tion can be rewritten as 
(n + 3)(n + 2)(2& = (2n + 1 - k)(n - k)(k + 4)(n>lc, (6) 
where we adopt the convention that (x),, = 1 and (x)~ = x(x - 1) a*. 
(x - k + 1) fork = 1, 2,... . 
Since (2n), > 2”@~)~ and (n + 3)(n + 2) > &(2n + 1 - k)(n - k) for 
k >, 0, it follows that there are no solutions to (6) when 2”-l 2 k + 4, that 
is, when k 2 4. If we consider the remaining cases k = 0, 1, 2, and 3 indi- 
vidually we find that the only admissible solutions (n, k) to equation (6) are 
(7, 2), (3, l), and (1, 0). The first two solutions correspond to the extensions 
K, and K4, respectively; the last corresponds to the region obtained by 
reflecting Sz in the line y = x. 
It is not difficult to verify directly that no extension of K4 or K, has the 
Catalan property. Let V denote the set consisting of the regions S, , S, ,..., 
K4 , K8 , and the reflections of these regions in the line y = x. The foregoing 
observations imply that if L,+l is an extension of any region in %? and L,+l 
has the Catalan property, then Lnfl is also in V. The required result now 
follows by induction on n, since every region L,,, that has the Catalan 
property is an extension of some region L, that has the Catalan property, 
when n 3 1, and the region S, is clearly the only region with the Catalan 
property when n = 1. 
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